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ࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࡣࠊ㌟㏆࡞౛࡜ࡋ࡚ࣈࣛࣥࢥࡢືࡁ࡛ㄝ᫂ࡉࢀࡿࠋே㛫ࡀࣈࣛࣥࢥࢆࡇࡄ࡜
ࡁࠊᒅఙ㐠ື࡟ࡼࡗ࡚ᨭⅬ࠿ࡽ㔜ᚰࡲ࡛ࡢ఩⨨ࢆୖୗ࡟࿘ᮇⓗ࡟ኚ໬ࡉࡏࡿࡇ࡜࡟ࡼࡗ࡚ࠊࣈࣛࣥ
ࢥࡢ᣺ືࡣᚎࠎ࡟ᡂ㛗ࡋࠊ⥅⥆ࡍࡿࠋࡇࡢࡼ࠺࡟ࠊ᣺ືࢆỴᐃࡍࡿࣃ࣓࣮ࣛࢱࡢኚ໬࡟ࡼࡗ࡚᣺ື
ࡀᡂ㛗ࡍࡿ⌧㇟ࡣࠊࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࠊࡲࡓࡣࣃ࣓࣮ࣛࢱບ᣺࡜࿧ࡤࢀࡿࠋ 
ࡇࡢࡼ࠺࡞ࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࡢ◊✲ࡸᐇ㦂࡜ࡋ࡚ࡣࠊ1831 ᖺࡢ࢖ࢠࣜࢫࡢᐇ㦂≀⌮Ꮫ⪅ ࣇ࢓
ࣛࢹ࣮ (M. Faraday) ࡟ࡼࡿỈ㠃࡟ฟ⌧ࡍࡿἼ㸦Faraday wave㸧ࡢᐇ㦂ࠊ1859ᖺࡢࢻ࢖ࢶࡢ≀⌮
Ꮫ⪅ ࣓ࣝࢹ (F. E. Melde) ࡟ࡼࡿ㡢ཫ (Tuning fork) ࡜ᘻࡢ᣺ືࡢᐇ㦂ࠊ1868ᖺࡢࣇࣛࣥࢫࡢᩘ
Ꮫ⪅ ࣐ࢩ࣮ࣗ (E. Mathieu) ࡟ࡼࡿᴃ෇⭷ࡢ᣺ື (Membrane vibration) ࡢ◊✲ࠊ1886ᖺࡢ࢔࣓
ࣜ࢝ࡢኳᩥᏛ⪅࡛࠶ࡾᩘᏛ⪅࡛࠶ࡿ ࣄࣝ (G. W. Hill) ࡟ࡼࡿ᭶㏆ᆅⅬ (Lunar perigee) ࡢ◊✲࡞
࡝ࡀᣲࡆࡽࢀࡿࠋ≉࡟ࠊ࣐ࢩ࣮ࣗࡸࣄࣝࡢ◊✲࡟ࡼࡗ࡚ᐃ⩏ࡉࢀࡓ Mathieu ᪉⛬ᘧࡸ Hill ᪉⛬ᘧ
ࡣࠊ⌧ᅾࠊMathieu࣭Hill ᪉⛬ᘧ࡜ࡋ࡚Ⓨᒎࢆ㐙ࡆ࡚࠾ࡾࠊ⥺ᙧ࠾ࡼࡧ㠀⥺ᙧၥ㢟࡟࠾ࡅࡿゎࡢᏳ
ᐃᛶࢆỴᐃࡍࡿࡓࡵࡢ㔜せ࡞᪉⛬ᘧ࡜࡞ࡗ࡚࠸ࡿࠋ㏆ᖺࠊࡇࡢ Mathieu᪉⛬ᘧࡣࠊᆅ㟈ࠊὠἼ࡞࡝
ࡢ⮬↛⌧㇟ࡢゎᯒࡸࠊ᣺ື࡟ࡼࡿᘓ≀ࠊᶫࡢᵓ㐀≀ࡢ◚ቯࠊ࠾ࡼࡧ⯪ࡢ㌿そ࡞࡝ࡢ㜵ㆤᑐ⟇࡟ࡶ฼
⏝ࡉࢀࠊᖜᗈࡃ◊✲ࡀ࡞ࡉࢀ࡚࠸ࡿࠋ 
ࡇࢀࡽࡢ◊✲࡟ᑐࡋ࡚ࠊ☢ᛶᮦᩱࡢ㠀⥺ᙧ☢Ẽ≉ᛶࢆ✚ᴟⓗ࡟฼⏝ࡋࡓ㠀⥺ᙧ☢Ẽᛂ⏝ศ㔝ࡢ◊
✲ࡣࠊィ ࠊไᚚࠊ᝟ሗ࠾ࡼࡧ࢚ࢿࣝࢠ࣮ኚ᥮ࡢྛศ㔝࡟ࢃࡓࡾᩘࠎࡢ᭷⏝࡞ᡂᯝࢆ࠶ࡆ࡚ࡁࡓࠋ
ࡇࡢ◊✲ศ㔝࡛ࠊMathieu᪉⛬ᘧࡣࠊࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࢆ฼⏝ࡋࡓ㟁Ẽᶵჾࡢືస᪉⛬ᘧࡢ᳨ウ
࡟฼⏝ࡉࢀ࡚ࡁࡓࠋࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺⌧㇟ࢆ฼⏝ࡋࡓ㟁Ẽᶵჾࡣࠊᵓ㐀⡆༢ࠊᐃ㟁ᅽ≉ᛶࠊ㐣㈇
Ⲵಖㆤᶵ⬟ࠊࣀ࢖ࢬࣇ࢕ࣝࢱᶵ⬟࡞࡝ࡢᐇ⏝ୖ᭷฼࡞ከࡃࡢ≉ᚩࢆ᭷ࡋ࡚࠸ࡿࡀࠊࡇࢀࡽࡢᶵჾ࡛
ࡣࠊ☢ᚰࡢ㠀⥺ᙧᛶ࡟ᇶ࡙ࡃ」㞧࡞ືసࡀ⌧ࢀࠊࡇࢀࡀᶵჾࡢタィἲ☜❧ࠊᛶ⬟ྥୖࠊᐇ⏝໬ಁ㐍
࡞࡝࡬ࡢ኱ࡁ࡞ㄢ㢟࡜࡞ࡗ࡚࠸ࡿࠋࡼࡗ࡚ࠊࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࡢࡉࡽ࡞ࡿᏳᐃ໬࡜ࡑࡢ≉ᚩࢆ✚
ᴟⓗ࡟฼⏝ࡍࡿࡓࡵࡢືస᪉⛬ᘧࡢゎ᫂ࡣ㠀ᖖ࡟㔜せ࡛࠶ࡿࠋ 
ࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࢆ฼⏝ࡋࡓ㟁Ẽᶵჾࡢゎᯒ࡟ࡣࠊᅗᘧゎᯒἲࠊㄪἼᖹ⾮ἲࠊRunge-Kuttaἲ
࡞࡝ࡢ㠀⥺ᙧᅇ㊰ࡢゎᯒᡭἲࡀ⏝࠸ࡽࢀ࡚ࡁࡓࠋ౛࠼ࡤࠊ࣐࢖ࢡࣟࣃ࣓ࣛࢺࣜࢵࢡኚᅽჾࡢືసゎ
ᯒ࡛ࡣࠊㄪἼᖹ⾮ἲࡀ⏝࠸ࡽࢀࠊࡑࡢ఩┦ᕪ࡜᣺ᖜࡢ㛵ಀࡀ᫂☜࡜࡞ࡗ࡚࠸ࡿࠋࡇࡢᡭἲ࡛ࡣࠊࡑ
ࡢᶵჾࡢ㟁Ẽⓗㅖ᮲௳ࠊ☢ᚰࡢᙧ≧ᑍἲࡢ୰࡛ࠊⓎ᣺≧ែ࡟ᙳ㡪ࢆ୚࠼ࡿ୺యⓗࣃ࣓࣮ࣛࢱࢆ᫂☜
——————————————————————————————––– 
Ꮫ఩グ␒ྕ࡜Ꮫ఩㸸༤➨ 49ྕ,  ༤ኈ㸦ᕤᏛ㸧 
ᤵ୚ᖺ᭶᪥   㸸ᖹᡂ 23ᖺᗘ 3᭶ 19᪥ 
ᤵ୚᫬ࡢᡤᒓ  㸸኱Ꮫ㝔ᕤᏛ◊✲⛉㟁Ẽ㟁ᏊᕤᏛᑓᨷ༤ኈᚋᮇㄢ⛬ 
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࡟ࡍࡿࡲ࡛࡟⮳ࡗ࡚࠸࡞࠸ࠋⲨࡽࡣࠊ༢┦ບ☢㟁ᅽࢆධຊࡋࡓᖹ㠃☢㊰ᙧࣃ࣓ࣛࢺࣜࢵࢡ࣮ࣔࢱࡢ
ືస᪉⛬ᘧࢆ Mathieu᪉⛬ᘧ࡛⾲ࡋࠊࡑࡢᏳᐃᛶ࡟ࡘ࠸᳨࡚ウࡋࡓࠋࡇࡢ࣮ࣔࢱࡢሙྜࠊᅇ㌿Ꮚࡀ
Ꮡᅾࡍࡿ࡜ࠊືస᪉⛬ᘧࡣ㠀ᖖ࡟」㞧࡟࡞ࡿࡓࡵࠊᅇ㌿Ꮚࢆ㝖࠸ࡓ≧ែ࡛ゎᯒࢆ⾜ࡗ࡚࠸ࡿࠋࡋ࠿
ࡋࠊᅇ㌿Ꮚࡢ࡞࠸࣮ࣔࢱࡢືస᪉⛬ᘧ࡛࠶ࡗ࡚ࡶࠊከࡃࡢ㠀⥺ᙧ☢Ẽ᢬ᢠࡀᏑᅾࡍࡿࡓࡵ࡟ࠊືస
ゎᯒࡣ㠀ᖖ࡟ᅔ㞴࡜࡞ࡗ࡚࠸ࡿࠋࡼࡗ࡚ࠊᮏ◊✲࡛ࡣࠊᇶ♏ⓗ࡞⌧㇟ࢆ☜ᐇ࡟ᤊ࠼ࡿࡓࡵ࡟ࠊ㠀⥺
ᙧ☢Ẽ᢬ᢠࡢᑡ࡞࠸ᖹ㠃☢㊰ᙧኚᅽჾࢆྲྀࡾୖࡆࠊMathieu᪉⛬ᘧ࡜ࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ᶵჾࡢⓎ
᣺Ᏻᐃᛶࡢ㛵ಀࢆࡼࡾ᫂☜࡟ࡋࡼ࠺࡜ࡋࡓࠋ 
୍⯡࡟ࠊMathieu᪉⛬ᘧࡢゎࡢⓎ᣺Ᏻᐃᛶࡣࠊࡑࡢ᪉⛬ᘧࡢᵓᡂࣃ࣓࣮ࣛࢱ aࠊq࡟㛵ࢃࡿMathieu
ᅗ㸦a-q ᖹ㠃㸧ୖࡢᏳᐃ㡿ᇦ࡜୙Ᏻᐃ㡿ᇦ࡛⾲ࡉࢀࡿࠋࡇࡢᖹ㠃ୖ࡛ࠊᇶᮏἼ࡟ᑐࡍࡿゎࡢ᣺ື࿘
ᮇࡀ 1ಸࠊ2ಸࠊ3ಸࠊ4ಸ➼ࡢⓎ᣺ࡢ୙Ᏻᐃ㡿ᇦࡀ࿘ᮇⓗ࡟⾲ࢀࡿࠋE. S. Tezࡽࡣࠊࡇࡢᖹ㠃ୖ
࡛ࠊ┤஺☢㊰ᙧࣃ࣓ࣛࢺࣜࢵࢡኚᅽჾࡢືస࡟ࡘ࠸࡚◊✲ࡋࠊືసⅬࡀࠊບ☢☢᮰࡜ྠㄪ⏝ࢥࣥࢹ
ࣥࢧ࡛Ỵᐃࡉࢀࡿ஧┤⥺ࡢ஺Ⅼ࠿ࡽồࡵࡽࢀࡿࡇ࡜ࢆ㏙࡭࡚࠸ࡿࠋࡋ࠿ࡋࠊᮏ◊✲࡛ྲྀࡾୖࡆࡿᖹ
㠃☢㊰ᙧࣃ࣓ࣛࢺࣜࢵࢡኚᅽჾ࡛ࡣࠊ☢㊰ᵓᡂࡀ␗࡞ࡿࡓࡵࡇࡢ▱ぢࡀ㐺⏝࡛ࡁࡿ࡜ࡣ㝈ࡽ࡞࠸ࠋ
ࡼࡗ࡚ࠊᮏ◊✲ࡢ┠ⓗࡣࠊࡇࡢ▱ぢࢆ㋃ࡲ࠼ࡓୖ࡛ࠊMathieu᪉⛬ᘧ࡟ᇶ࡙࠸࡚ࣃ࣓ࣛࢺࣜࢵࢡⓎ
᣺ᶵჾࡢືస≉ᛶ࡜Ⓨ᣺Ᏻᐃᛶ࡟ࡘ࠸࡚ヲ⣽࡞᳨ウࢆ⾜࠺ࡇ࡜࡛࠶ࡿࠋ 
௨ୗ࡟ᮏㄽᩥࡢᴫせࢆ㏙࡭ࡿࠋ 
➨㸯❶ࡣࠊ⥴ゝ࡛࠶ࡾࠊᮏ◊✲ࡢ⫼ᬒ࣭┠ⓗ࡟ࡘ࠸࡚㏙࡭࡚࠸ࡿࠋ 
➨㸰❶࡛ࡣࠊࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࡢཎ⌮ࠊ᳨ウ࡟⏝࠸ࡓᖹ㠃☢㊰ᙧࣃ࣓ࣛࢺࣜࢵࢡኚᅽჾ㸦☢ᚰ
ᮦ㉁㸸↓᪉ྥᛶࡅ࠸⣲㗰ᯈࠊᑍἲ㸸60 mm90 mm17.5 mm㸧ࡢᇶ♏≉ᛶ࡟ࡘ࠸࡚㏙࡭ࡓࠋヨస
ࡋࡓኚᅽჾࡀࠊࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࢆ⏕ࡌࠊᐃ㟁ᅽ≉ᛶ࠾ࡼࡧ㐣㈇Ⲵಖㆤᶵ⬟ࢆ᭷ࡍࡿࡇ࡜ࢆ☜ㄆ
ࡋࡓࠋࡲࡓࠊࡇࡇ࡛ࡣࠊᐇ㦂್࠿ࡽࠊ➨㸲ࠊ㸳❶ࡢ᳨ウ࡟ᚲせ࡞☢໬᭤⥺ࡢ㏆ఝಀᩘࢆồࡵࡓࠋ 
➨㸱❶࡛ࡣᩘࠊ ್ゎᯒࢯࣇࢺ MATLAB࡟ࡼࡿᇶᮏⓗ࡞ Mathieu᪉⛬ᘧࡢⓎ᣺Ᏻᐃᛶ࡟ࡘ࠸᳨࡚
ウࢆ⾜ࡗࡓࠋࡇࡢ᪉⛬ᘧࡢⓎ᣺Ᏻᐃᛶ࡟ࡘ࠸࡚ࡣࠊMATLABࡢ ODEࢯࣝࣂ࡛࠶ࡿ ode45ࢆ⏝࠸ࠊ
4ࠊ5ḟࡢ Runge-Kuttaἲ࡟ࡼࡾゎᯒࡋࡓࠋⓎ᣺ᏳᐃᛶࡢุᐃࡣࠊᇶᮏἼࡢゎࡢ᣺ᖜࡀ 23࿘ᮇศ(0 
< tspan < 100 ࡓࡔࡋࠊtspanࡣࠊ✚ศ༊㛫ࢆタᐃࡍࡿ࣋ࢡࢺ࡛ࣝࠊ᫬㛫༊ศ࡟┦ᙜ)⤒㐣ᚋࠊゎࡢ
᣺ᖜࡢᏳᐃ㝈⏺್࡟ᑐࡋ࡚ 1%௨ୗࢆ཰᮰࡜ࡋࡓࠋࡇࡢ᣺ᖜ್ࢆ఩┦ᅗ࡟⨨ࡁ᥮࠼ࡿࡇ࡜࡟ࡼࡾࠊaࠊ
q ᖹ㠃ୖࡢᗙᶆ࡛ࠊࡉࡽ࡟ヲ⣽࡞Ⓨ᣺≧ែࢆ᫂ࡽ࠿࡟ࡍࡿࡇ࡜ࡀ࡛ࡁࡓࠋࡇࡢ⤖ᯝ࠿ࡽࠊᮏኚᅽჾ
ࡢືస᪉⛬ᘧࡢⓎ᣺Ᏻᐃᛶࡢ᳨ウ࡟ MATLAB࡟ࡼࡿゎᯒࡀྍ⬟࡛࠶ࡿࡇ࡜ࡀ᫂☜࡟࡞ࡗࡓࠋ 
➨㸲❶࡛ࡣࠊᖹ㠃☢㊰ᙧࣃ࣓ࣛࢺࣜࢵࢡኚᅽჾࡢືసゎᯒࢆ⾜ࡗࡓࠋࡲࡎࠊᮏኚᅽჾࡢᙧ≧࠿ࡽ
☢Ẽᅇ㊰ࣔࢹࣝࢆసᡂࡋࠊྛ㒊ࡢ㠀⥺ᙧ☢Ẽ᢬ᢠࢆ☢᮰ࡢ 5ḟᘧ࡛㏆ఝࡋࡓࠋḟ࡟ࠊ㟁Ẽᅇ㊰ࣔࢹ
ࣝࡢඹ᣺ഃ࠿ࡽࠊ☢᮰ࡢ 2㝵ࡢᚤศ᪉⛬ᘧࢆồࡵࠊ☢Ẽᅇ㊰࠿ࡽồࡵࡓᘧࢆࡇࡢᘧ࡟௦ධࡋࠊᮏኚ
ᅽჾࡢᇶᮏ᪉⛬ᘧࢆồࡵࡓࠋࡇࡢᘧࢆࡉࡽ࡟ᒎ㛤ࡋࠊᮏኚᅽჾࡢືస᪉⛬ᘧࢆ Mathieu᪉⛬ᘧࡢᙧ
࡟ᩚ⌮ࡋࠊᮏኚᅽჾࡢືస᪉⛬ᘧࡀᇶᮏⓗ࡞ Mathieu᪉⛬ᘧ࡟ࠊῶ⾶㡯୪ࡧ࡟ບ☢ഃ࠾ࡼࡧඹ᣺ഃ
ࡢ☢᮰࡟㛵ࢃࡿከࡃࡢ㠀⥺ᙧ㡯࡛ᵓᡂࡉࢀࡿࡇ࡜ࢆ᫂ࡽ࠿࡟ࡋࡓࠋゎᯒࡢ⤖ᯝࠊⓎ᣺Ᏻᐃᛶࢆ♧ࡍ
a-q ᖹ㠃ୖ࡟࠾࠸࡚ࠊືసⅬࡣࠊບ☢㟁ᅽࡸྠㄪ⏝ࢥࣥࢹࣥࢧࡢ㟁Ẽⓗㅖ᮲௳࡜☢㊰ࡢᑍἲᙧ≧࠾
ࡼࡧ☢ᚰࡢᮦ㉁࡟ࡼࡗ࡚ኚ໬ࡍࡿࡇ࡜ࠊྠㄪ⏝ࢥࣥࢹࣥࢧ୍ᐃࡢ᮲௳ୗ࡛ࠊືసⅬࡢ㌶㊧ࡣࠊ㈇Ⲵ
ࡢ᭷↓࡟ࡼࡽࡎ┤⥺㛵ಀࢆ♧ࡋࠊࡑࡢഴࡁࡣᅛᐃࡉࢀࡿࡇ࡜ࠊῶ⾶㡯ࡣࠊ㈇Ⲵ᢬ᢠࡢῶᑡ࡟ࡼࡗ࡚ࠊ
ࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺೵Ṇ㡿ᇦࢆ q㍈࡟ᑐࡋ࡚ୖࠊ ᪉࡟⛣ືࡉࡏࡿࡇ࡜ࡀ᫂☜࡟࡞ࡗࡓࠋࡇࢀ࡟ࡼࡾࠊ
ືసⅬࠊືసⅬࡢ㌶㊧࠾ࡼࡧῶ⾶㡯࡜➨㸰❶࡛ồࡵࡓᇶ♏≉ᛶ࡜ࡢ㛵ಀࢆ⌮ㄽⓗ࡟ồࡵࡿࡇ࡜ࡀྍ

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⬟࡛࠶ࡿࡇ࡜ࢆ᫂ࡽ࠿࡟ࡋࡓࠋ 
➨㸳❶࡛ࡣࠊᮏኚᅽჾࡢ☢㊰ࡢᑍἲᙧ≧࠾ࡼࡧᮦ㉁ࡢኚ໬࡟ᑐࡍࡿࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ࡢᏳᐃᛶ
࡜☢໬᭤⥺㏆ఝಀᩘ࡜ࡢ㛵ಀࢆㄪ࡭ࡿࡓࡵ࡟ࠊa-q ᖹ㠃ୖ࡟࠾ࡅࡿືసⅬࡢ㌶㊧ࡢኚ໬࡟ࡘ࠸᳨࡚
ウࢆ⾜ࡗࡓࠋࡇࡇ࡛ࠊືసⅬࡢ㌶㊧ࡣࠊ☢໬᭤⥺㏆ఝᘧࡢ☢᮰ 1ḟࡢಀᩘࡀቑຍࡋࠊ࠿ࡘບ☢㟁ᅽ
ࡀῶᑡࡍࡿ࡜ࡁࠊࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺೵Ṇ㡿ᇦ࡟᥋㏆ࡍࡿࡇ࡜ࡀ᫂ࡽ࠿࡜࡞ࡗࡓࠋࡼࡗ࡚ࠊྠ୍ࡢ
☢ᚰᮦ㉁࡛タィࡋࡓኚᅽჾࡣࠊᑍἲᙧ≧ࡢࣃ࣓࣮ࣛࢱࡀⓎ᣺Ᏻᐃ໬ࡢ୺యⓗࣃ࣓࣮ࣛࢱ࡛࠶ࡿࡇ࡜
ࡀ᫂☜࡜࡞ࡗࡓࠋ 
➨㸴❶ࡣࠊ⤖ゝ࡛࠶ࡾࠊᮏ◊✲࡛ᚓࡽࢀࡓ⤖ᯝࢆࡲ࡜ࡵࡓࡶࡢ࡛࠶ࡿࠋ 
ᮏ◊✲ࡣྂࠊ ࡃ࠿ࡽ≀⌮ⓗ᣺ື⌧㇟ࡢᏳᐃᛶࡢホ౯࡟฼⏝ࡉࢀ࡚ࡁࡓ Mathieu᪉⛬ᘧࢆࠊ㠀⥺ᙧ
☢Ẽᛂ⏝ศ㔝࡛࠶ࡿࣃ࣓ࣛࢺࣜࢵࢡⓎ᣺ᶵჾࢆ฼⏝ࡋࡓ㟁Ẽᶵჾ࡟㐺⏝ࡋࠊᶵჾࡢືస≉ᛶ࡜Ⓨ᣺
Ᏻᐃᛶ࡜ࡢ㛵ಀ࡟ᑐࡍࡿ᳨ウࢆ⾜ࡗࡓࡶࡢ࡛࠶ࡿࠋࡇࡢᡂᯝࡣࠊ௒ᚋࡢ㠀⥺ᙧ☢Ẽ≉ᛶࢆ฼⏝ࡋࡓ
㟁Ẽᶵჾࡢ㛤Ⓨࡸタィ࡟฼⏝࡛ࡁᚓࡿࡶࡢ࡛࠶ࡾࠊ⮬↛⌧㇟ࢆྵࡵࡓ≀⌮⌧㇟ࡢ᣺ື⌧㇟ゎ᫂࡟ࡶ
㈉⊩࡛ࡁࡿࡶࡢ࡜⪃࠼࡚࠸ࡿࠋ 
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Study of the Performance Characteristics and Oscillation Stability of a 
Planar Parametric Transformer Based on the Mathieu Equation
 
Masaaki YOSIDA 
 
Abstract 
 
As a swing, the phenomenon of oscillations developing due to changes in a parameter that determines 
the oscillations is known as parametric oscillation or parametric excitation. 
The phenomena of parametric oscillation studies and experiments for a long time, the Mathieu 
equation defined by E. Mathieu in about the middle of the 19th century is now important in determining 
the stability of solutions of linear and nonlinear problems. This equation has been used and widely 
studied for the analysis of natural phenomena such as earthquakes and tsunamis. 
In the areas of application of nonlinear magnetic fields actively using the nonlinear magnetic 
characteristics of magnetic materials, this equation have been used to analyze the operation equations of 
electrical equipment using parametric oscillations. Electrical equipment that uses parametric oscillation 
phenomena has many characteristics that are useful for practical application. However, these 
characteristics involve complex operations based on core nonlinearity, and they are a major problem for 
establishing design methods of the equipment. Therefore, it is very important to solve operation 
equations in order to further stabilize parametric oscillation. 
Analytical approaches for nonlinear circuits including the harmonic balance method and so on. have 
been used to analyze electrical equipment that uses parametric oscillation. For example, the harmonic 
balance method has not identified the principal parameters that affect oscillation. Ara et al. used the 
Mathieu equation to present the operation equation of a planar parametric motor to which a single-phase 
excitation voltage was inputted, and discussed its stability. In their study, even in the case of the 
operation equation of a motor without a rotor, the analysis of operation was very difficult because there 
was a great deal of nonlinear magnetic resistance. Therefore, this study used a planar transformer with a 
small amount of nonlinear magnetic resistance in order to reliably identify basic phenomenon, and tried 
to clarify the relationship between the Mathieu equation and the oscillation stability of parametric 
oscillation equipment. 
In general, the oscillation stability of the solution of the Mathieu equation is expressed as the stable 
region and the unstable region in the Mathieu diagram (a-q plane) related to the configuration 
parameters a and q of the equation. The unstable region of oscillations with an oscillation period of the 
solution that is equal to two, three or four times as long as that of the fundamental wave is periodically 
shown on this plane. E. S. Tez et al. studied the operation of an orthogonal parametric transformer on 
this plane and reported that the operation point was determined from the intersection point of two lines 
determined from a magnetizing flux and a tuning capacitor. However, this knowledge may not be able to 
be applied to the planar parametrictransformer covered by this study, because its magnetic path structure 

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is different. Therefore, the purpose of this study is todiscuss the operation characteristics and 
oscillation stability ofparametric oscillation equipment in detail on the basis of the Mathieu  
equation in consideration of this knowledge. 
 The following is a summary of this dissertation. 
Chapter 1 gives an introduction and describes the background and purpose of this study. 
Chapter 2 describes the principles of parametric oscillation and the basic characteristics of the planar 
parametric transformer (core material: non-oriented silicon steel plate; dimensions: 60 mm × 90 mm × 
17.5 mm) used for this study. It was found that the prototype transformer generated parametric 
oscillations and had a constant voltage characteristic and an overload protection function. In addition, 
the approximation coefficient of the magnetizing curve necessary for discussion in Chapters 4 and 5 was 
determined from experimental values. 
Chapter 3 discusses the oscillation stability of the basic Mathieu equation using the numerical analysis 
software MATLAB. The ode45 MATLAB ODE solver was used to analyze the oscillation stability of 
this equation using the fourth-order and fifth-order Runge-Kutta method. For the evaluation of 
oscillation stability, the amplitude of the solution of the fundamental wave was assumed to converge 
when it was 1% or less of the stability limit value of the amplitude of the solution after 23 periods 
elapsed. By transposing this amplitude value in a phase diagram, further detailed oscillation conditions 
could be clarified in the coordinates on the a-q plane. Based on this result, it was found that analysis 
using MATLAB could be applied to a study of the oscillation stability of the operation equation of this 
transformer. 
Chapter 4 analyzes the operation of the planar parametric transformer. First, a magnetic circuit model 
was made based on the shape of this transformer, and the nonlinear magnetic resistance of each part was 
approximated by a fifth-order equation of magnetic flux. Next, a second-order differential equation of 
magnetic flux was determined from the resonance side of the electric circuit model, and an equation 
determined from the magnetic circuit was substituted into this equation to determine a basic equation of 
this transformer. This equation was further developed, and the operation equation of this transformer 
was simplified in the form of the Mathieu equation. It was found that the operation equation of this 
transformer consisted of the basic Mathieu equation, an attenuation term, and many nonlinear terms 
related to the magnetic flux on the excitation side and the resonance side. As a result of analysis, it was 
found that the operation point varied on the a-q plane that indicates oscillation stability, depending on 
the excitation voltage, the electric conditions of the tuning capacitor, the shape and dimensions of the 
magnetic path, and the core material. It was also found that the locus of the operation point was linear 
and its slope was fixed with or without a load under constant conditions of the tuning capacitor, and that 
the attenuation term moved up the parametric oscillation stop region with reference to the q axis as load 
resistance decreased. Consequently, it was found that the relationships between the operation point, the 
locus of the operation point, the attenuation term, and the basic characteristics determined in Chapter 2 
could be theoretically determined. 
Chapter 5 discusses changes in the locus of the operation point on the a-q plane in order to examine the 
relationships of parametric oscillation stability and the approximation coefficient of the magnetization 
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curve to changes in the dimensions, shape, and material of the magnetic path of this transformer. As a 
result, it was found that the locus of the operation point moved closer to the parametric oscillation stop 
region when the first-order coefficient of the magnetic flux of the approximation equation of the 
magnetization curve increased and the excitation voltage decreased. Therefore, it was found that the 
parameters of the shape and dimensions of transformers made of the same material were principal 
parameters of oscillation stability. 
Chapter 6 presents the conclusion and summarizes the results obtained in this study. 
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